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PARTIAL FRACTIONS

Partial fractions is a method used in mathematics particularly calculus to
decompose a complex rational function into simpler fractions. This technique is
particularly useful for integrating functions that are difficult to integrate
directly.By breaking down a complicated fraction into simpler components, it
allows for easier integration and facilitates the solution of various mathematical
problems. The basic concept of partial fraction relates to the technique of
splitting difficult fraction into the sum or difference of two or more singular
algebraic simpler fractions

For example,

ax+13 2 3
: = +
¥ +5x+6 x+3 x+2

is a single fraction obtained where the right hand side of (i) is summed.
To carry out complicated algebraic processes such as expansion in powers
of n, integration with respect to x, limit of a fraction involving variables of x, it is

important to study the method of splitting a single fraction to its partial fraction.



Some important rules

1. If the degree of the numerator of a given fraction is greater than
or equal to that of the denominator, then we first divide to get a remainder of
lower degree to the denominator.

2. Ewvery linear factor x-a in the denominator corresponds to a
A

X—ad

partial fraction of the form

3. Every repeated linear factor of the form (x-a)® in the

denominator corresponds to n number of partial fractions of the form
A B C Z

x-a (- (x-a " (x-a)

4. Every non-factorizing quadratic factor like ax* +bx+c corresponds to a

Ax+ B

. In addition, repeated quadratic factor (x" +ax+ b)"
+bx+c

factor of the form

corresponds to n numbers of partial fractions of the form:

Ax+ B N Cx+ D N Ex+ F - Kx+m
Yrax+bh (F¥+ax+b)?® (KFrax+h® = (F+ax+h”




The following examples show the basic applications of these rules.

Example 1: |Linear Factors]

Example Decompose the rational function

x+5
(x+1)(x—2)

into partial fractions using the cover-up method.

Solution. Since the denominator factors as (x+1)(x—2), we assume

xt5 A B
(x+1)(x—2) x+1 x-2

Bringing the right-hand side to a common denominator gives

A B _A(x-2)+Bx+l)
x+1 x-2  (x+)(x-2)

Hence the numerators must be equal:

x+5=A(x-2) + Blx+1).
To obtain A4, cover the factor (x+1) in the original fraction and substitute
x=-1:

A x+5 =—1+5=_4‘
x=2|., -1-2 3

To obtain B, cover the factor (x—2) and substitute x=2:



B x+5| =2+5=1.
x+1|_, 2+1 3
Therefore,
x+5 4 T
(x+1)(x-2)  3(x+1) 3(x—2)
Alternatively

Example Expanding and equating the coefficient of:
x+5=Alx-2)+ Bix+1).
leads to
Alx=2)+ B(x+1) = Ax—2A+ Bx+ B=(A+ B)x+ (-2A+ B).
Thus,
x+5=(A+ B)x+(-2A+ B).

Equating coefficients of like powers of x on both sides.

A+ B=1, ~2A+B=5.
solving the simultaneous equations
- A+B=1,
-2A+ B= 5.

Subtracting the first equation from the second:
(~2A+B) —(A+B)=5-1,



which simplifies to

3A-4 = A--2%
3

Substituting A= _é into A+B=1:

—4+B=1 = B=1+4=3+4=T.

3 3 3 3 3
Hence,

4 7
x+5 A B g 3 41 7
= + = + =— + .
(x+1)(x—2) x+1 x—2 x+1 x-2 3(x+1) 3(x-2)

Verification

To verify the decomposition
x+5 4 7

(x+1)(x—2)  3(x+1)  3(x-2)

the two fractions are written over a common denominator (x+1)(x—2):

47T Ax-2) | T(x+))
3(x+1) 3(x-2)  3(x+1)(x-2) 3(x+1)(x-2)

The numerators are combined to obtain:

—4(x—2)+ T(x+1)
Ax+1)(x—2)




Expanding the brackets gives
A(x—2)+T(x+1) = —4x+8+ Tx+7.

Collecting like terms:
(—4x+7x)+(B+7) =3x+15.

Factorising the numerator:
3x+15 = 3(x+5).

Thus,
3(x+5) X+5
3x+1)(x-2) (x+1)(x-2)
This agrees with the original function, and therefore the partial fraction

decomposition is correct.

Example 2: Resolve —; : into partial fractions.
X +0x+6

In this case, the quadratic denominator is factorizable as

1 __A B
(x+3)(x+2) x+3 x+2

Which gives two linear fractions. Taking the L.C.M,

A(x+3)+ B(x+2) _ 1
(x+3)(x+2)  (x+3)(x+2)




By cross multiplication we obtain
Al x+2) + B x+3 = .This expression can be termed the general equation.
From the factors, let(x+3)=0, x=-3, and substituting x=-3 into the

general equation,

A(=3+2)=1, A(-1)=-1
Similarly, letting x+2=0, x=-2, substituting this into the general
equation,
B(-2+3)=1, B=1
Substituting the values of A and B into (10.1)

1 -1 1
= +
(x+3)(x+2) x+3 x+2

1

Which are the partial fractions of —— .
(x+3){x+2)



Lxawiple 3 (Mo factorizable quadratc factors)

liesialve Ex._ 1 a4 pazgrial fracriamn
=Ll —-x-L)

In this case. there is oo lineas Gector S+l oand a onone Tactorizahle

cuadrarle facter  © 2 —x+1| ¢ From the above rules, we can express the fracdons

a3
Arad Y \ Hea 1]
r+1] ¥ +x+l) x-L X -x-1

Taklne rhee LM and by cross naltipacationnl + we ootain the :r':'i-l.l:l'u'l-'.".'ll'.r.
rereral eguaton
Bx+de Alx - a-L=Ox+CHa+1]
For cansenlence, the linear factor is used o fivst cbrain one of the
COTSIANTS.
ieletting s+1-0, v——1, #hEnmrine -1 inw the Qemeral e uarlsin

2[-11-2=all] a=1.

Thie epuadratic Faetar canned be appbied pe obiain Boand © like thee Tonearr
Factorr, Hersoe cxpanad the genera] eepiation sind compiare the coefhivients of el

[ Ts ol .



Such that
2x+3=Ax +BxX + Ax+Bx +Cx+A+ C

Comparing coefficients,

¥ :0=A+B .(i)

X¥:2=A+B+C .. (ii)

X' 3= A+ C (i)

Since A=1 as obtained earlier, substituting this into (i),

B=-1, and substituting into (iii) C=2.

Hence, the required partial fractions of

2x+3 1 —x+ 2

. = +—
(x+1)(x +x+1)  x+1 % +x+1

Example 4

2x¥ —Tx—1

———————into partial fractions.
(x=2)(x" +3)

Decompose the rational function

Solution. Since the denominator factors as (x—2)(x" +3), where x-2 is
linear and »* +3 is an irreducible quadratic, the decomposition has the form

24 -Tx-1 _ A  Bx+C
(x—=2)(x+3) x—2 X +3°



for constants A, B and C.
Bringing the right-hand side to a single fraction with denominator
(x—2)(x" +3) gives

A +Bx+C: A(X +3) + (Bx+ C)(x—2)
-2 x¥+3 (x—2)(x" +3) '

Hence,

2x —Tx—1 _ A +3) + (Bx+ O (x—2)
(x—2)(x*+3) (x—2)(¥ +3)

Since the denominators are the same, the numerators are identically equivalent,
that is,
2x —Tx—1= A(x +3) + (Bx+ O (x-2).
Expanding the right-hand side,

A(X +3) = A¥ +3A,
(Bx+ C)(x—2) = Bx' —2Bx+ Cx—-2C.
Therefore,
A(X +3) + (Bx+ O)(x—2) = (A+ B & + (-2B+ O) x+ (34— 20).
Thus the identity 2x° -7x—1=(4+ B) ¥ + (-2B+ O) x+(34-2C) holds for all x.
Equating coefficients of like powers of x gives

Coefficientofy” : A+ B=2,
Coefficientofy —-2B+(C=-1,
Constantterm: 3JA-2C=-1.



Hence

A+ B=2,
2B+ C=-T,
3A-2C=-1.

From A+B=2,
A=2-E
Substituting A=2- 8 into 34-2C=-1,
32-B)-2C=-1=6-3B-2C=-1=-3B-2C=-T.

Now use
—2B+C=-T,
{—33— 2C = 1.
From -2B+C=-T,
C=-T+2E

Substitute into -3B-2C=-T:
—3B-2(-T+2B) =—-T=-3B+14-4B=-T=-TE+14=-T,
SO
~7B=-21= B=3.

Then
A=2-B=2-3=-1,



a1
Ca—T+20=-T+23=—].
Thiy

A==l D=1 L=-L,
atd the requived partal Fraction deconposition L=

FEF o Ta-l 1 : ar-

-2 -3 x-2 2" -3
Fxarnplic bz Bepeted Faclory
Wit weish ot resalve the expression
Frad
L+ 114" + 2x-1)

imtar partil Treclinns,
First, motice that the quadrase Tactor can b simplificd:
o A e FE Ak
Substilisling This gives
Ay-3 Ay-3
e e 1 (e

Sinece the denomuinator (s a repeated lnear factor, we express the fraction in the
stamdared parrtial-Iraitsoen form:

Arpd A - r

1 ST B RO L RS |
laking the conunen denominator jx-12" aod eguanlne numerators, we abiain

A R DT Bl N FY



Tovclestermene thee comstants, wie prococed as Tollows, Selhimg #= 1 imme
ianlares

Qi-li=d=0C v =1,
Bl rxpand the npghi-hined side

A1) = A =Pl = A5 4240 A

Oix-L = fy- 10
L hiaa,
Pradi— Axt o (ZA4 MieslA- B0

Fopating coneThiczent s gives:

X 0= A
X 2=2A+ B,
X: 3=A+B+C
With A=0 and C=1, substitution vields:
EBE=2
Therefore, the required partial-fraction decomposition is

2 1
—+ —.
(x+1)°  (x+1)°

afianlely



Example 6

7x +8
(1+x)°(2-3x%)

Decompose the rational function into partial fractions.

Solution. The denominator factors as (1+x°(2-3x), where (l+x) is a
repeated linear factor and (2-3x) is a distinct linear factor. Therefore, the
partial fraction decomposition has the form

¥+8 A . B . C
(1+2*(2-30 1l+x (l+x° 2-3x

for constants A, B and C.
Bringing the right-hand side to a single fraction with denominator
(1+x)°(2-3x) gives

A B _C A1+ 9(2-3%9 + B33 + C(1+x)°
l+x (1+x* 2-3x (1+ 1) (2 —3%) ‘

Hence,

X +8  _ A(l+x)(2-39+B2-3%+C(1+ %
(1+x°(2-3%) (1+x)°(2—-3% '

Since the denominators are the same, the numerators are identically equivalent:

7% +8= A(l+ x)(2-3x) + B(2—3x) + C(1+ %)°.



Fxpandong and simmplitying e right-hand =ides,
(- K2 =05 =2 =Gx-2r—0% = 2— 552,

G0
AL+ MR =0 = A2 =x=3x"0 = GAy - Ax+ 2
Aldan,
5 o PR S
it

l+M =l=-2x-2 = Cl-2"= -20%-0

Adding cheae thiree £xpredalons gives
AlL- 2 =0 - D2 -+ O -2 = 3A- O = - A-30- 20 x -2 A- 20+ O

Ilvis the idenrity besames
To —B=1-3A-0r —(—A-53F-200x+ FA+ 20+

Ermarine coefficients of like powerd of » on borh sides, we abratn

Coefeteniafy -54-C<7,
CooefTre tembalas - A-30-3C<=10,
Conslanclerm: ZA+ 20+ =5,
Hetwee,
“Gil-CaT,
= A-30-30 =1,

CEA-20+ =B,

From =3A4+C0 =7 e hase
(=74d4

subedmitdoe chls into 2A+28-C <8
dA-20vr-I ey i d-dlir = de 2=,



substituting C=7+34 into —A-3B+2C=0:
~A-3B+2(7T+34) =0=-A-3B+144+6A=0=50A-3B+14=0=5A-3E=-14.
Solving the simultaneous equations
5A+2B=1,
{5.4—33= -14.
Subtracting the second equation from the first gives
(5A+2B) —(5A-3B) =1—-(-14) = 5B=15= B=3.
Substituting B=3 into 54A+2B=1,
5A+2-3=1=5A+6=1=5A=-5= A=-1.
Finally,
C=T+3A=T+3(-1) =4,
Thus
A=-1, B=3, C=4,

and the required partial fraction decomposition is



+8 -1 3 4
(1+x0*(2-3x) l+x (1+x* 2-3x

Verification.
Consider

1 3 4
+ _+ :
l+x (l+x)° 2-3x

Writing this expression over the common denominator (1+ x°(2-3x gives

L3 4 —(1+)@-39+3@2 -3 +4(1+ %
l+x (1+x° 2-3x (1+x° (2-3%)
Expanding and simplifying the numerator yields
7x +8,
so that
1 3 1 T +8

Ity (1497 2-3x (+222-3%)
This agrees with the original function, and the decomposition is therefore
correct.

Example 7

Resolve into partial fractions:

2x +6x° +5x—1
(x+2)(x+1)




Solution: First, perform polynomial division since the numerator degree is
higher than the denominator:
Quotient 2x
¥ +3x+2 2x¥ +6x +5x-1
—(2x +6X +4x)
x=1
this yields
2.?1+Bf+5x—l= . x—1
X +3x+2 X +3x+2
Next, factor the quadratic in the denominator:

X +3x+2=(x+2)(x+1)

S0 we write:

x—1 N A N B
¥ +3x+2 x+2 x+l

Multiply both sides by (x+2)(x+1) :
x—1= Alx+1)+ B(x+2)

Using the method of equating values:

- Let x=-1:
~1-1= A(0) + B(1) B= -2

- Let x=-2:
—2—1= A-1)+ B{0)A=3



Therefore:
x—1 3 2

¥+3x+2  x+2  x+l
Finally, the required partial fraction decomposition is:

2x' +6x +5x-1 3 2

(+2)(x+1) T xv2 x4l

Exercise A

1. Resolve

into partial fractions.
(x+2)

2. Find the constants 4, B, and C such that

2x¢1 A B  C
(x+1)%(2x-5) x+1 (x+1)* 2x-5

fx)
(x—a)(x—b)(x—0)

3. Resolve into partial fractions.



2. Write the apprmprinte Tarms pl the partsal e sens for the
folloracing rxpressinng and then resolee thaem:

Aa-3
0¥ +3x-1)

(L dy—3
HEE T I

Ll

1 — 3#1—-:!
e s — 140
Frdd

il —
(=L +40

Exercise B

2
1. Resolve I —dx+5 into partial fractions
(x+1)(x—3)(2x-1)

1 1 1
+ +
(x+1) (x=3) (2x-1)

111
(x+1) (x—3) (2x-1)

1 1 1
+ +
(x—1) (x+3) (2x-1)

1 N 11
(x+1) (x—=3) (2x-1)




4x+11

2. Resolve ———— into partial fractions
+4x-5
A, 3 + 3
2(x-1) 2(x+5)
B. 2 + 3
5(x-1) 2(x+5)
C 5 5

2(x—1) | 2(x+5)

5 3
+
2(x+1) 2(x-5)

3. Resolve

P into partial fractions
X+

1 3 3
-+ == -
(x—1) 2(x+1)° 2(x+1)°

1 1 1
+ -+ .
(x+1)  (x+1)" (x+1)°

1 1 1
+ -
(x+1) (x+1) (x+1)°

1 1 1
— = + -
(x+1)* (x+1) (x+1)°




6x—10
(02 -2x-3

2 4
. +
(x—3) (x+1)

4. Resolve into partial fractions

1 1
+ -
(x+1)*  (x+1)°

t 1
(x+1) (x+1)

L —++ ! -
(x+1)° (x+1)°

F
5. Resolve X +8x+13 into partial fractions

(x—1)(x" +2x+5)

1 L3
2(4 +2x+5)  (x—2)

2 . 3
(¥ +2x+5) (x-1)

1 L3
(F+2x+5)  (x-1)

-2 L3
2(x +2x+5) (x—2)




=]

6.

D. x

Resolve 3% +8x+13

into partial fractions

(x=1)(x" +2x+5)

2 4
(x+1) (x+2)

X+

2 4
+
(x-1) (x-2)

2 4
+
(x+1) (x+2)

X+

2 4
0 +
(x-1) (x+2)

3x +8x+13

Resolve .
(x=1)(x" +2x+5)

1 x+1

(x+1) (¥ +9)

x+1 B 1
(¥ +1) (¥ +9)
2 4

(x+1) " (¥ +9)

2 4
+
(x=1) (x° +9)

into partial fractions



3¥ +8x+13 . . .
Resolve . into partial fractions
(x—1)(x" +2x+5)

1 1 2
: - + -
x+x (x=2) (x+2)
1 1 1
. — + .
x+1 (x=2) (x=2)°
1 1 1
. + + 5
x+2 (x=2) (x+2)
1 2 p

. + -
x+1 (x=2) (x+2)°

s 2
Resolve % into partial fractions
2

. ox+1+ -
(x+1) (x—1)

3 2
T HE) T (D)




dx+11

10. Resolve Fiax_s into partial fractions

3 2

AL +
S(x-1) 3(x+5)

3 3
+
2(x—1)  3(x+5)

3 3
5(x—1)  2(x+5)

5 3
+
2(x-1)  2(x+5)

11. Resolve Txt?2 into partial fractions

2X-3)(X+1)°

L S
C(x+1)? (x+1) 2x-3

2 1 2
C(x+1D? (x+1) 2x-3

112
(x+1)* (x+1) 2x-3

S SR
Co(x+1)? (x+1)* 2x+3




F+ix=7

14, Heaolve —————— [nte partial fractlons _ 5x—1 ) ) )
Iw- e A} 14. Resolve —— —  into partial fraction
(x—3)(x+4
RO B
R — A Sxtl 2
RN R B. 3 " 4
. v+l 2 x+1 x-2
Torad wel
c 3xtl 2
L B ¥ +4 x+l
T 1 4
D. T
x=3 x+4
13, Heaolve “I’_"S e partial fractian
X A
15. Resolve _9x+2 into partial fraction
(x+5)(x—1)
dy-1 Z
A 1 A 3x+1 2
b x . - ——
. . X+4 x—1
E
=1 =3 B. _2 _T
A x+5 x-1
w1 2 X+4  x+1
el vl D 1 4



