
FRICTION

Therearetwotypesoffriction:dryfriction(Coulombfriction)andfluidfriction.Fluid
frictiondevelopsbetweenlayersoffluidmovingatdifferentvelocities.Fluidfriction
isofgreatimportanceinproblemsinvolvingtheflow offluidsthroughpipesand
orificesordealingwithbodiesimmersedinmovingfluids.Itisalsobasicinthe
analysisofthemotionoflubricatedmechanisms.Suchproblemsareconsideredin
textsonfluidmechanics.Thepresentstudyislimitedtodryfriction,i.e.,toproblems
involvingrigidbodieswhichareincontactalongnon-lubricatedsurfaces.
Whenabodyslidesortendstoslideonanotherbody,theforcethatistangenttothe
contactsurfacewhichresiststhemotionorthetendencytowardsmotionofone
bodyrelativetotheotherisfriction.Whentwobodiesareincontactandassumedto
besmooth,thereactionofonebodyontheotherisaforcenormaltothecontact
surface.Inactualpractice,thecontactsurfaceisnotsmoothandthereactionis
resolvedintwocomponents,oneperpendicularandtheothertangenttothecontact
surface.Thecomponenttangenttothesurfaceiscalledthefrictionalforceorthe
friction.

LawsofDryFriction
ConsiderablockhavingweightW placedonahorizontalplanesurfaceasshownin
figure(a)below.TheforcesactingontheblockareitsweightW andthereactionof
thesurface.Sincetheweighthasnohorizontalcomponent,thereactionofthe
surfacehasnohorizontalcomponent;thereactionisthereforenormaltothesurface
andrepresentedbyN.LetahorizontalforcePnowbeappliedtotheblockasshown
infigure(b).IftheforcePissmall,theblockwillnotmove;someotherhorizontal
forcethereforemustexistwhichbalancesP.theotherforceisthestaticfriction
forceF.IftheforceP isfurtherincreased,thefrictionalforceFalsoincreases,
continuingtoopposep,untilitreachesacertainmaximum limitFm showninfigure
(c).WithfurtherincreaseinP,thefrictionforcecannotbalanceitagain,therefore,
theblockstartssliding.Immediatelytheblockissetinmotion,themagnitudeofF
dropsfrom Fm toFk.Thereafter,theblockcontinuestoslidewithincreasingvelocity
whilethefrictionforcedenotedbyFkremainsapproximatelyconstant

CoefficientofFriction
Experimentalevidenceshowsthatthemaximum valueFm ofstaticfrictionforceis
proportionaltothenormalcomponentNofthereactionofthesurface
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k



= NF
k

μ
k

Where isthecoefficientofkineticfriction.Thecoefficientsoffriction and doμ
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notdependupontheareaofthesurfacesincontact.Bothcoefficientshowever
dependstronglyonthenatureofthesurfacesincontact.Thetablebelowshowsthe
valuesofcoefficientofstaticfrictionobtainedbyexperimentsondrysurfaces.

ContactMaterials CoefficientofStaticFriction

Steelonsteel 0.4–0.8

Woodonwood 0.3–0.7

Woodonmetal 0.2–0.6

Rubberonconcrete 0.6–0.8

Rubberonice 0.05–0.2

Metalonice 0.03–0.05

AngleofFriction
Sometimes,itisconvenienttoreplacethenormalforceNandthefrictionforceFby
theirresultantR.ConsiderablockofweightW restingonahorizontalplanesurface.
Ifnohorizontalforceisappliedtotheblock,theresultantRreducestothenormal
forceN (figurea).However,iftheappliedforcePhasahorizontalcomponentPx

whichtendstomovetheblock,theforceRwillhaveahorizontalcomponentFwhich
willform anangleϕwiththenormaltothesurfaceasshowninFigure(b).IfPxis
increaseduntilmotionbecomesimpending,theanglebetweenRandthevertical
increasesandreachesamaximum asshowninfigure(c).Thisvalueiscalledthe
angleofstaticfrictionandisdenotedbyϕs.From thegeometryoffigure(c)
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Ifthemotionactuallytakesplace,themagnitudeofthefrictionforcedropstoFk;

similarly,theangleϕbetweenRandNdeceasestoalowervalueϕk,calledtheangle



ofkineticfrictionasshowninfigure(d).From thegeometryoffigure(d)wehave
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Theangleoffrictioncanbeusedintheanalysisofcertaintypesofproblems.

Considerablockrestingonaboardwhichissubjectedtonootherforceapartfrom

itsweightW andthereactionRoftheboard.Theboardcanbegivenanydesired

inclination.Iftheboardishorizontal,theforceRexertedbytheboardontheblockis

perpendiculartotheboardandbalancestheweightW asshowninfigure(a)below.

Ifthe board is given a smallinclination θ,the force R willdeviate from the

perpendiculartotheboardbytheangleθandwillkeepbalancing(figureb);itwill

haveanormalcomponentN having amagnitudeN=W and atangentialcosθ

componentF=W .sinθ

Ittheangleofinclinationisgraduallyincreased,itwillgettoapointwhenthemotion

becomesimpending.Atthattime,theanglebetweenRandthenormalwillhave

reacheditsmaximum value (figurec).Thevalueoftheangleofinclination∅
s

correspondingtoimpendingmotioniscalledtheangleofrepose.Theangleof

reposeisequaltotheangleofstaticfriction .Iftheangleofinclinationθisfurther∅
s

increased,motionstartsandtheanglebetweenRandthenormaldropstothelower

value (figured).ThereactionRisnotverticalanymore,andtheforcesactingon∅
k

theblockareunbalanced.

Examples

1.Determinethefrictiondevelopedbetweenthe50kgcrateandthegroundif(a)P

=200Nand(b)P=400.Thecoefficientofstaticandkineticfrictionbetweenthe

crateandthegroundare =0.3and =0.2μ
s

μ
k

2.The100Nforceactasshowninthefigurebelowonthe300Nblockplacedon

aninclinedplane.Thecoefficientsoffrictionbetweentheblockandtheplane



are =0.25and =0.20.Determinewhethertheblockisinequilibrium,andμ
s

μ
k

findthevalueofthefrictionforce

PracticeProblem

1.Thecrateshowninthefigurehasamassof20kg,determineifitremainsin

equilibrium.Thecoefficientofstaticfriction =0.3μ
s

2.The700Nforceisappliedtothe100kgblock,whichisstationarybeforethe

forceisapplied.DeterminethemagnitudeanddirectionofthefrictionforceF

exertedbythehorizontalsurfaceontheblock

3.Determinetherangeofvalueswhichthemassmomayhavesothatthe100kg

blockshowninthefigurewillneitherstartmovinguptheplanenorslipdownthe

plane.Thecoefficientofstaticfrictionforthecontactsurfaceis0.30

4.Determinetheminimum coefficientofstaticfriction =0.3whichwillallowtheμ
s

drum withfixedinnerhubtoberolleduptheinclineatasteadyspeedwithout

slipping.WhatarethecorrespondingvaluesoftheforcePandthefrictionforce



F?

5.The1.2kgwoodenblockisusedforlevelsupportofthe9kgcanofpaint.

Determinethemagnitudeanddirectionof(a)thefrictionforceexertedbythe

roofsurfaceonthewoodenblock(b)thetotalforceexertedbytheroofsurface

onthewoodenblock

6.Determinethedistancestowhichthe90kgpaintercanclimbwithoutcausing

the4m laddertoslipatthelowerendA.thetopofthe15kgladderhasasmall

roller,andatthegroundthecoefficientofstaticfrictionis0.25.Themasscenter

ofthepainterisdirectlyaboveherfeet

Wedges

Wedgesaresimplemachinesusedtoraiselargestoneblocksandotherheavyloads.

Theseloadscanberaisedbyapplyingtothewedgeaforceusuallyconsiderably

smallerthantheweightoftheload.Also,duetofrictionbetweenthesurfacesin

contact,aproperlyshapedwedgewillremaininplaceafterbeingforcedunderthe

load.Wedgescanthereforebeusedadvantageouslytomakesmalladjustmentsin

thepositionofheavypiecesofmachinery.



Theblockshowninfigure(a)belowrestsonverticalwallBandisraisedslightlyby

forcingawedgeCbetweenblockAandasecondwedgeD.Tofindtheminimum

valueofP requiredtobeappliedtothewedgeC tomovetheblock.Itwillbe

assumedthattheweightW oftheblockisknown.TheFBDsofblockAandwedgeC

isshowninfigure(b)and(c)respectively.Theforcesactingontheblockincludeits

weightandthenormalandfrictionforcesatthesurfacesofcontactwiththewallB

andwedgeC.ThemagnitudesofthefrictionforcesF1andF2areequalto andμ
1
N

1

respectivelysincethemotionoftheblockmustbestarted.Itisimportanttoμ
2
N

2

show thefrictionforceswiththecorrectsense.Sincetheblockwillmoveupward,

theforceF1 exertedbythewallontheblockmustbedirecteddownward.Onthe

otherhand,sincethewedgeCmovestotheright,therelativemotionofAwith

respecttoCistotheleftandtheForceF2exertedbyConAmustbedirectedtothe

right.

Thetotalnumberofunknownsinvolvedinthetwofreebodydiagramscanbe

reducedtofourifthefrictionforcesareexpressedintermsofthenormalforces.

Expressing thatthe blockA and wedge C are in equilibrium willprovide four

equationswhichcanbesolvedtoobtainthemagnitudeofP

Example

Theuniform stoneshowninthefigurebelowhasamassof500kgandisheldinthe

horizontalpositionusingawedgeatB.Ifthecoefficientofstaticfrictionis =0.3μ
s

atthesurfacesofcontact,determinetheminimum forcePneededtoremovethe

wedge.AssumethatthestonedosnotslipatA

PracticeProblems

1.IfbeadADisloadedasshown,determinethehorizontalforcePwhichmustbe

appliedtothewedgeinordertoremoveitfrom underthebeam.Thecoefficients

ofstaticfrictionatthetopandbottomssurfacesofthewedgeare =0.25andμ
CA

=0.35,respectively.IfP=0,isthewedgeself-locking?Neglecttheweightμ
CB

andsizeofthewedgeandthethicknessofthebeam.



2.Ifthecoefficientoffrictionbetweenthesteelwedgeandthemoistfibersofthe

newlycutstumpis0.20,determinethemaximum angleαwhichthewedgemay

haveandnotpopoutofthewoodafterbeingdrivenbythesledge

3.ThepositionofthemachineblockBisadjustedbymovingthewedgeA.knowing

thatthecoefficientofstaticfictionis0.35betweenallsurfacesofcontact,

determinetheforcePrequired(a)toraiseblockB,(b)tolowerblockB

4.Thetwo5wedgesareshownareusedtoadjustthepositionofthecolumnunder

averticalloadof5kN.DeterminethemagnitudeoftheforcesPrequiredtoraise

thecolumnifthecoefficientoffrictionforallsurfacesis0.40.



VIRTUALWORK

Considertheimaginarymovementofa bodyin staticequilibrium,indicating a

displacementorrotation thatis assumed and does notactuallyexist.These

movementsarefirstorderdifferentialquantitiesandwillbedenotedbysymbolsδr

andδθrespectively.Thevirtualworkdonebyaforcehavingavirtualdisplacementδr

is

δU=F δrcosθ

Similarly,whenacoupleundergoesavirtualrotationδθintheplaneofthecoupe

forces,thevirtualworkis

δU=Mδθ

PrincipleofVirtualWork

Theprincipleofvirtualworkstatesthatifabodyisinequilibrium,thenthealgebraic

sum ofthevirtualworkdonebyallforcesandcouplemomentsactingonthebodyis

zeroforanyvirtualdisplacementofthebody.Therefore

δU=0

Considerthefreebodydiagram oftheparticle(ball)thatrestonthefloorasshown

inthefigurebelow.



Assumetheballtobedisplaceddownwardbyavirtualamountδy,thentheweight

doesapositivevirtualworkWδyandthenormalforcedoesnegativevirtualwork,

-Nδy.Forequilibrium thetotalvirtualworkmustbezero,sothat

δU=Wδy-Nδy= δy=0(W-N)

Sinceδy≠0,thenN=W asrequiredbyapplying∑ =0Fy

Forasimplysupportedbeam asshownbelow,whenthebeam undergoesavirtual

rotationδθaboutpointB,theonlyforcesthatdoworkarePandAy.Sinceδy=ldθ

andδy'= δθ(l

2)

Thevirtualwokdoneistherefore

δU= -P δθ=0 Sinceδθ≠0,then =Ay(lδθ) (l

2) Ay

P

2

PrincipleofVirtualWokforaSystem ofConnectedRigidBodies

Themethodofvirtualworkisveryeffectiveforsolvingequilibrium problemsthat

involveasystem ofseveralconnectedrigidbodiesasshowninthefigurebelow.The

system hasonlyonedegreeoffreedom sincethearrangementofthelinkcanbe

completelyspecifiedusingonlyonecoordinateθ.Wewillrestrictourselvestoonly

onedegreeoffreedom inthiscourse.



Theproceduresforsolvingproblemsinvolvingasystem offrictionlessconnected

rigidbodiesarehighlightedbelow:

 Draw theFBD oftheentiresystem ofconnected bodiesand definethe

coordinate(q)

 Sketchthedeflectedpositionofthesystem ontheFBD whenthesystem

undergoesapositivevirtualdisplacementδq

 Indicatepositioncoordinateseachmeasuredfrom afixedpointontheFBD.

Thesecoordinatesaredirectedtotheforcesthatdowork.

 Eachofthesecoordinateaxesshouldbeparalleltothelineofactionofthe

forcetowhichitisdirected,sothatthevirtualworkalongthecoordinateaxis

canbecalculated.

 Relateeachpositioncoordinatestothecoordinateq;thendifferentiatethese

expressionsinordertoexpresseachvirtualdisplacementδsintermsofδq.

 Writethevirtualworkequationforthesystem assumingthateachposition

coordinatesundergoesapositivevirtualdisplacementδs.Ifaforceorcouple

momentisinthesamedirectionasthepositivevirtualdisplacement,thewok

ispositive,otherwise,itisnegative

 Expresstheworkineachforceand coupemomentsintheequationinterms

ofδq

 Factoroutthe common displacementfrom allthe termsand solve the

unknownforce,couplemoment,orequilibrium positionq

Examples

1.Determinetheangleθforequilibrium ofthetwomemberlinkageshowninthe

figurebelow.Eachmemberhasamassof10kg

2.Determine the required force P in the figure below needed to maintain

equilibrium ofthescissorslinkagewhenθ=60°.Thespringisunstretchedwhen

θ=30°.Neglectthemassofthelinks



PracticeProblems

1.Determinetherequired magnitudeofforeP to maintainequilibrium ofthe

linkageatθ=60°.Eachlinkhasamassof20kg

2.ThescissorslinkageissubjectedtoaforeofP=150N.Determinetheangleθ

forequilibrium.Thespringisunstretchedatθ=0°.Neglectthemassofthelinks

3.Themassoftheuniform baroflengthlism whilethatiftheuniform barof

length2lis2m.ForagivenforceP,determinetheangleθforequilibrium



4.DeterminethetorqueM ontheactivatingleverofthedumptrucknecessaryto

balancetheloadofmassm withcenterofmassatGwhenthedumpangleisθ.

ThepolygonABDCisaparallelogram


