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Definition: A binomial is an expression of the form

(a+ b)"wherea,b € R and n € Z.

® Question: How do we expand a
binomial?
There are two ways to it;



1. BINOMIAL EXPANSION BY USING
PASCAL TRIANGLE

Preamble:

Blaise Pascal ( 19/06/1623 -
19/08/1662), a French
Mathematician and a philosopher
observed that a table of coefficient
(know as Pascal triangle) to
determine the coefficient of the
expansion




Buppose we consider the binomial
f n=0then(a+bh)° =1

(a+b)",

n=l  implies(a+b)' =a+b

n=2 gives (a + b)* = a* -

L 2ab + b?

n=3 gives (a + b)?>= a’ + 3a*b + 3ab?*+b*

n= 4 leads to

a* + 4ab + 6a“b? + 4ab’> + b*

and so on.

Obviously , the coefficients of the expansions can be

presented as a table in the next sli

de






2. BY USING BINOMIAL THEOREM

lmar any real numbers a, b and any natural number 1, the
tollowing tormula holds true.

(a + b)"

= "Coa™ + "Cia®* b+ -+ "Ca™Th* + "C, 1
=Y% "Cpa "

_vyn__n n—kpk
Zk ri{n—r)! a D




PROOF

We prove by mathematical Induction
etn = 1,then (a + b)* = a® + b1 LHS =RHS
Hence, the formula is true .

Assumen = kis true
That is (a + b)" = YF_, ke a® bk <n
We verity that the formula is true fark = n



¢ (a+b)" = (a + b)(a + b)" 1
1-
=(a+b) x X gn—1c, a1 7Th"
=Yrson—1¢c a™” Tb“Zr in—1, a™"b"
=a™ + Z?;ll(n —1c,. +
n—1c._,)a""b" + b"
=a™ + YXrZinc, a7 ThT + b

=yn—J ne, a”"b’ (sincencﬁ =1,ne, = 1).

Hence the tormula holds true tor k = n.
Therefore, by induction the formula holds
true for all positive integers n



Worked Examples

lgample |: State the binomial expansion of the theorem, when

a=1and b = x.

solution :
Recall : Binomial thearem
T
w6 =3 gy s
k=0
lfa=1,b=x then
1 I
(1+x)" = Zn(;k 1Rk = Z ey, x°
k=0 k=0

1

— 0 2 n
—?’If;” X +ﬂ.ﬂ'] X +HCEI +...+nﬂ'nx

— 1 2 n
=1 + + + +
| +ne, x* +ng, x“+.4ng x



Example 2: Expand (3 — 2x)*

o(a+b)"
=ng,a™ +n¢g,a™ bt +ng a" b + ...
+n¢g b"
(3—2x)*=3%"+4+33(-2x) + 6 *
32(=2x)%+4 * 31 (=2x)3 + (—2x)*
(3 — 2x)*
=81 —216x + 216x — 96x3 + 16x*




Binomial Expansion for negative

Integers
Becall
mn
(a+ b)) = z ne.a""b"
r=0
Suppose a = 1, b = x then we have
(1+x)™
nn—1
=1+ nx + ( )x2+---

A
nin—1)..(n—k+1
| ( ) k(I ).xk—l----—l- x™.




EXampie 4: Expand [0 The ascending

, (1+x2)(1-2x)
power of x <.



Evaluation with binomial

expansi o
xample 4 Evaluate *to four significant figures.
Solution:
1
1}\3 1 1 -1
(ﬁ) = T = _(1+27}3_(1+3)3

(28)3 (1 + 2?)3
1 -1

() i)

By definition .

nin—1
(1+x)"=1+nx+ (2' ) 24
1

@t @)

ifg_ 1,2 )12 -
-4 5 - 1 =2{0.9879} ~ 0.3293




Largest Coefficient and Greatest
Coefficient

EE generalterm (rth term)ofthe binomial expansionof (@ + b)™ is given by:
T, = ncrﬂrhn_r - (1)

Suppose the binomial expressionis of the form(ax + by)™ then the rth term becomes:
Ty = Ne (axyr(by)" " ... (2)

The Coefficient of x"in (2)above is

Ky = 1 ar (b)) .. (3)

The (r + 1)th term gives

Koot = g, qrei(by)" 71 (4)
AMgebraically ke, ; = k,. ... (5)
and k. < k,.q..(6)

supposethe largest  for which:
k,

"E':r'+1

kr+1

kr

It r = m, then the largest coefficientis k., 1.

<1 or

> 1 .. (7)




Worked Examples

® Expand (2x + 1)° and obtain the largest coefficient
/) [btain the largest equation of the expansion:
a. (3 + 4x)°>

N
b. (7 + EI’)
3 Expand (up to x#):

a. (34 4x)7%(3 + 2x)
h 3x—4
(x+1)%(x-2)




Tutorial Questions

o Showthat (1 —2x3)7 = 1 — 14x3 + 84x% — 280x° +
560x'% — 672x'° + 448x'8 — 128x21.

7. Showthat (x - 1/05 = x5 - 503 + 100 - 24+ 5 - .

x¥*  x9

3. [btain the coefficient of x*in the expansion of
(2 — 3x)°

4. Evaluate (1.03)*° to 3decimal places.

5. Expand (1 + y)*%in ascending powers of y up to y*.

- . 1
5. Use the binomial expansion to evaluate Etu four

decimal places



MATHEMATICAL INDUCTION

= Principle of
Mathematical
Induction



Definition

Mathematical Induction (Ml) is a
technique or method of proving a
statement/proposition that is asserted
about every natural number.

Ml is therefore, a tools/ technique for
proving statement which in reality maybe
too difficult to establish. It could be used
to prove equations, theorems, formulas,
inequalities and for solving problems in
geometry.






kgr instance. let a proposition T, be

nin+1
1+2+3++n= (2 )
frn=1 1= _12_4
] 2 2 F
LHS =1 =RHS
forn = 2; 1+2=2(2;1)=2;3=3,

LHS =3 = RHS
3(3+1) _ 3=4

form=3;,1+2+3 = ; =6,
LHS =6 =RHS
forn = 100; 142 + 3 + -+ 100 = —2200%D _
100%101
2 ¥
LHS = RHS
In general,
_ n(n+1)

1+2+3+-+n=""



Principle of Mathematical
Induction

® use Ml to prove a proposition, four major steps are involved;
let T, be the proposition.n € N

step I: We show that far n = 1, T} is either true or false.

Step Z: We assume true for Ty, it Tyis true. Otherwise, we conclude
Ty is false. That is, far n = k, we assume that Ty is true provided

we already established that T is true.
Step 3: We showthat forn = k + 1. T}, .., is either true or false.
Step 4: Conclusion

We conclude that since Ty is either true or false, T}, is assumed true,
and T}, 4, is either true/false. Then the proposition T, is either
true/ talse tar anvnatural number neN.



Worked Example

P‘I]'IJE that for any natural number neN

nin+ 1)

1+2+3++n=—"7
Proof
let T, be the proposition that
14243+ +n="00

o 1(1+1)
Step |: We show that T is either true or false LHS = 1, RHS = =1
LHS = RHS, hence, T;is true.
otep Z: We assume that at n = k, Ty, is frue.
That is,

k(k +1
14+2+34++k= (2 ) . (%)

otep d: We show that T, is either true or false, thatis.atn = kK + 1

(k+1)(k+2)

1+243+-+k+1= S e (%)




wibstituting () into (<), we obtain

k(k2+ 1)+k+1 _ (k+1)2(k+2)
THS = k(k2+ 1) ka1 = (k + 1)2(k + 2)
_ (k + 1)2(k + 2) _ pHS

Hence LHS = RHS then the statement is true far
n =k + 1Thatis, Ty4 is true.

Step 4: (Conclusion)

Since Ty is true, T, is assumed true, and T4 ¢ iS true, then the
propasition 75, is true for all natural numbers

Hence,

nn+1)
1+2+3+--+n= > neN




Tutorial Questions

Prove that:

7 1+3+5+-+(2n+1)=n*neN
2. n! < n™foranyintegern > 1

3 (ab)"*=a"b™, n€N q,b € R

2 2
41?+F+33+m+n3=nﬁrn,
neN
1 1 1 1
& E-l_ﬁ-l_;-l- "'+(2n—1](2n+1)’

n €N



® 12422433 4+...4n? =E(n—|—
1)(2n+ 1), neN

Show that;

6 2+4+6++2n=nn+1), n €N
_rpr ot L CEDMT

71 L +— is always
positive.

g a+(a+d)+(a+2d)+(a+3d)+ -+ (aln —
1d) = §[2a+(n—1)d].

9. 7?™ — 1 is always a multiple of 8.



